We examine the power-series solutions and the series solutions in terms of the Hermite functions for the biconfluent Heun equation. The conditions under which the solutions reduce to finite sums as well as the cases when the coefficients of power-series expansions obey two-term recurrence relations are discussed. Finally, infinitely many cases for which a solution of the biconfluent equation is presented as an irreducible linear combination of four generalized hypergeometric functions, that in general do not reduce to polynomials, are identified.
Introduction
Over the recent years, the Heun functions have been finding extensive applications in various branches of physics and mathematics (see, e.g., [1, 2] and references therein). These functions arise when solving some types of linear second-order ordinary differential equations which present natural generalizations of the equations satisfied by the hypergeometric functions. At present time, the most complete information on the Heun functions is presented in [3] [4] [5] .
In the vicinities of the regular singular points, the Heun equations admit solutions in the form of convergent power series -those by Frobenius [6] . In contrast, the power-series in the vicinities of irregular singular points generally are not convergent. Therefore, for the latter series, of particular interest, first of all, are the cases when the series terminate thus turning into finite sums [7] [8] [9] . Besides, in several cases the Heun functions allow representations in the form of series expansions in terms of the hypergeometric functions of various types (see [10] [11] [12] [13] [14] [15] [16] [17] [18] [19] [20] ). These series may or may not be convergent. For such series, the finite-sum reductions also play an important role because the properties of the hypergeometric functions are much more studied as compared with the Heun functions.
In the present paper, we consider the finite-sum reductions of the power-and hypergeometric-series expansions of the biconfluent Heun functions. A notable result we report is that there are an infinite number of cases for which the biconfluent Heun equation permits a solution given as irreducible linear combination of four generalized confluent hypergeometric functions.
Expansions of the Heun functions in terms of simpler functions
We discuss the solution of a Heun-type equation [3] [4] [5] :
as a series in terms of simpler mathematical functions ( ) Here we consider the cases when the series coefficients n c obey a three-term recurrence relation (there exist many expansions for which the coefficients satisfy four-or more-term recurrence relations, see, e.g., [21] [22] [23] ):
where we assume 0 = 1 c , without loss of the generality. In order the series be one-sided with the summation index n running from zero to plus infinity, it should necessarily be
The series then terminates on the ( 1) N  th term thus turning into the finite sum 
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It can be shown that in general the second equation (6) presents a ( 1) N  th degree polynomial equation for the accessory parameter of the Heun equation. We recall that unlike the other parameters involved in the equation, the accessory parameter is the only one which does not characterize the behavior of the solution in the vicinity of a singular point (see [3, 4] ).
Power-series solution of the biconfluent Heun equation
In the case of the biconfluent Heun equation
the coefficients of the Frobenius power-series expansion of the particular solution in the vicinity of the regular singular point 0 z  corresponding to the zero characteristic exponent, that is the coefficients n c of the solution
are given as
so that in this case the recurrence relation (3) is explicitly written as
The solution (9) becomes a polynomial of degree N if 
It is readily understood that the eigenvalue equation indeed presents a ( 1) N  degree polynomial equation for the accessory parameter 0 q . For = 1, 2,3 N these equations are explicitly written as 
Note that for a given eigenvalue 
Expansion of the biconfluent Heun function in terms of the Hermite functions
Under rather general assumptions, a solution of the biconfluent equation (8) can be presented in the form of a series in terms of the Hermite functions of a scaled and shifted argument [7] :
where the coefficients n d are calculated using the recurrence relation (3) with coefficients
so that the recurrence relation explicitly reads
The series (18) is reduced to a finite sum, for which the maximum number of nonzero
and 0 q is the eigenvalue of the ( 1) ( 1) N N    minor of the matrix A with elements
Again, the eigenvalue equation presents a ( 1) N  -degree polynomial equation for 0 q . The first four eigenvalue equations are explicitly written as 
As in the case of the above power-series expansion, the coefficients 0 d , ..., N d of expansion (18) are components of the eigenvector of the corresponding minor of matrix (22).
Special power series solutions of the biconfluent Heun equation
An observation concerning the power series expansion (9)- (11) for the vicinity of the singularity 0 z  is that if the involved parameters are such that the series in terms of the Hermite functions terminates into a finite sum (that is if 0 p is a non-positive integer, see equation (21)), the condition 0 n R  for the power series (9)- (11) 
We note that as a result of application of equation (28) to the expansion point 0 0 z  one arrives at an expansion of function ( ) z  in powers of z defined by the coefficients
An observation now is that for these coefficients no two-term recurrence relation is known.
Notably, the expansion of function ( ) z  in the vicinity of the point 0
other words, the expansion in powers of the scaled and shifted
leads to two-term recurrence relations for certain infinite subsets of expansion coefficients.
Note that in this case the expansion coefficients are explicitly written as
Using this formula, we will show that if the Hermite-function expansion (18) is terminated, the solution of the biconfluent Heun equation can be written in terms of the generalizedhypergeometric functions.
To proceed to the derivation of the latter result, let
N is the integer part of / 2 N and N is the integer part of ( 1)/2 N  . Now, as the first step, one can show that the coefficients k c  can be decomposed as
where k c and k c are separately written in a form similar to (31) using either even or odd values of the summation index j :
It is next shown that these coefficients obey the following two-term recurrence relations:
where
is a polynomial of degree N and
is a polynomial of degree N .
Note that these recurrence relations are applicable with the proviso that
Auxiliary relations for generalized hypergeometric functions
To proceed further, we need some particular relations concerning the generalized hypergeometric function 1 2 1 ( ) = ( , ,..., ; ,..., ; ) .
Using the differentiation formula for hypergeometric functions [5, 25]  
one can show that
where ( ) k n n k C  are binomial coefficients. Furthermore, it can be shown by mathematical induction that 
where 1  , ..., N  are the roots multiplied by ( 1)  of the N th degree polynomial
The first four terms of the double sum involved in this equation are explicitly written as
Note that the coefficient of the highest-degree term N  of ( ) g  is equal to ...
Using another formula for differentiation of hypergeometric functions [25] :
another useful relation is derived:
By applying this formula for several times, we then have 
As a result, one arrives at the relation 
In particular, for = 1 N we have:
( , ,..., ; ,..., ; ) ( 1, ,..., ; ,..., ; )
Similarly, for = 2 N the result reads 
where 1  and 2  are the roots of the quadratic equation
Generalized-hypergeometric solutions of the biconfluent Heun equation
We now proceed to the derivation of generalized-hypergeometric solutions of the biconfluent Heun equation (8) . Let
N is the integer part of / 2 N and N is the integer part of ( 1)/2 N  . The Hermite functions in terms of which the expansion (18) is developed have the following representation in terms of the Kummer confluent hypergeometric functions [5] :
With this, the solution (18) is rewritten as
or otherwise
Using the above formula (61) we then obtain
where 
 being the roots of the polynomial
 being the roots of polynomial 
For the first three values of N we have the following explicit solutions. = 0 N : 
The solution (70) with the parameters (71)-(78) presents the main result of the present paper.
Discussion
Generalized-hypergeometric solutions of the Heun equations have been first reported by Lettessier who derived a few solutions for the general and single-confluent Heun equations [26] [27] [28] , see also [29, 30] . Recently, these results have been generalized to show that there exist an infinite number of such solutions for the two mentioned Heun equations [31] [32] [33] .
In the present paper, we have shown that generalized-hypergeometric solutions are also possible for the biconfluent Heun equation. Though these solutions are in a sense similar to those obtained earlier for the general and confluent Heun equations, however, there exist essential peculiarities. The main difference is that in the biconfluent case the solutions are presented as irreducible linear combinations of four generalized-hypergeometric functions, while in the general and single-confluent cases the solution is written through a single generalized-hypergeometric function. Another difference is that in the latter cases coefficients of the three-term recurrence relations governing the power-series expansions are reduced to two-term ones, while for the biconfluent Heun equation this property is not the case.
